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Partial Differential Equations Perspective
What is the Dirichlet Problem? 
Definition: Suppose that D is a domain of a Cartesian 
plane and that 𝑔𝑔 is a function that is defined on the 
boundary C of D. The problem of finding a function 
𝜙𝜙 𝑥𝑥,𝑦𝑦 , which satisfies Laplace equation in D and which 
equals 𝑔𝑔 on the boundary C of D is called a Dirichlet
problem. Dirichlet problem conditions: 
1. 𝜙𝜙𝑥𝑥𝑥𝑥 + 𝜙𝜙𝑦𝑦𝑦𝑦 = 0 on D 
2. 𝜙𝜙 𝑝𝑝 = 𝑔𝑔 𝑝𝑝
Illustration 
• D: Heat conducting on plate 
• g: temperature distribution on 
C’s boarder 
• Gives steady state temperature 






Why Laplace’s Equation? 
Proof: 
𝑔𝑔 𝑥𝑥 Δ𝑦𝑦Δ𝑧𝑧Δ𝑡𝑡 + 𝑔𝑔 𝑦𝑦 Δ𝑥𝑥Δ𝑧𝑧Δ𝑡𝑡
= 𝑔𝑔 𝑥𝑥 + Δ𝑥𝑥 Δ𝑦𝑦Δ𝑧𝑧Δ𝑡𝑡 + 𝑔𝑔 𝑦𝑦 + Δ𝑦𝑦 Δ𝑥𝑥Δ𝑧𝑧Δ𝑡𝑡
𝑔𝑔 𝑥𝑥 + Δ𝑥𝑥 − 𝑔𝑔(𝑥𝑥)
Δ𝑥𝑥
Δ𝑥𝑥Δ𝑦𝑦 +




𝑔𝑔 𝑥𝑥 + Δ𝑥𝑥 − 𝑔𝑔(𝑥𝑥)
Δ𝑥𝑥
Δ𝑥𝑥Δ𝑦𝑦 +















































































Definition: If  there exists a form such that 𝑎𝑎𝜙𝜙′′ + 𝑏𝑏𝜙𝜙′ + 𝑐𝑐𝜙𝜙 = 0 then
We use the auxiliary equation: 𝑎𝑎𝑟𝑟(𝑟𝑟 − 1) + 𝑏𝑏𝑟𝑟 + 𝑐𝑐 = 0. 
Find the roots : 𝑟𝑟 − 𝜎𝜎 𝑟𝑟 − 𝛾𝛾 = 0.
If 𝑚𝑚1 and 𝑚𝑚2 are two distinct real roots then:
𝑌𝑌𝑐𝑐 = 𝑐𝑐1𝑥𝑥𝑚𝑚1 + 𝑐𝑐2𝑥𝑥𝑚𝑚2
If 𝑚𝑚1 = 𝑚𝑚2 = 𝑚𝑚 are two equal real roots then:
𝑌𝑌𝑐𝑐 = 𝑐𝑐1𝑥𝑥𝑚𝑚 + 𝑐𝑐2𝑥𝑥𝑚𝑚𝐿𝐿𝐿𝐿|𝑥𝑥|
If 𝑚𝑚1 and 𝑚𝑚2 are complex roots taking the form 𝛼𝛼 ± 𝛽𝛽𝑖𝑖 then:
𝑌𝑌𝑐𝑐 = 𝑥𝑥𝛼𝛼(𝑐𝑐1 cos(𝛽𝛽𝐿𝐿𝐿𝐿|𝑥𝑥|) + 𝑐𝑐2sin(𝛽𝛽𝑥𝑥)
Complex Analysis Perspective
Consider the steady-temperature 𝜙𝜙(𝑟𝑟)
between the two concentric circular 
conducting cylinders satisfies Laplace 








GOAL: Complex Potential Function:
Ω 𝑟𝑟 = 𝜙𝜙 𝑟𝑟 + 𝑖𝑖 𝜓𝜓(𝜃𝜃)
Complex Analysis Perspective
Cauchy-Euler equation, roots are m=0.









Definition: If  there exists a form such that 𝑎𝑎𝜙𝜙′′ + 𝑏𝑏𝜙𝜙′ + 𝑐𝑐𝜙𝜙 = 0 then
We use the auxiliary equation: 𝑎𝑎𝑟𝑟(𝑟𝑟 − 1) + 𝑏𝑏𝑟𝑟 + 𝑐𝑐 = 0. 
Find the roots : 𝑟𝑟 − 𝜎𝜎 𝑟𝑟 − 𝛾𝛾 = 0.
If 𝑚𝑚1 and 𝑚𝑚2 are two distinct real roots then:
𝑌𝑌𝑐𝑐 = 𝑐𝑐1𝑥𝑥𝑚𝑚1 + 𝑐𝑐2𝑥𝑥𝑚𝑚2
If 𝒎𝒎𝟏𝟏 = 𝒎𝒎𝟐𝟐 = 𝒎𝒎 are two equal real roots then:
𝒀𝒀𝒄𝒄 = 𝒄𝒄𝟏𝟏𝒙𝒙𝒎𝒎 + 𝒄𝒄𝟐𝟐𝒙𝒙𝒎𝒎𝑳𝑳𝑳𝑳|𝒙𝒙|
If 𝑚𝑚1 and 𝑚𝑚2 are complex roots taking the form 𝛼𝛼 ± 𝛽𝛽𝑖𝑖 then:








= 0 𝜙𝜙 𝑟𝑟 = 𝐴𝐴𝐿𝐿𝐿𝐿 𝑟𝑟 + 𝐵𝐵
Assume that 𝜙𝜙(𝑎𝑎) = 𝑘𝑘0 and 𝜙𝜙(𝑏𝑏) = 𝑘𝑘1
𝐴𝐴𝐿𝐿𝐿𝐿|𝑎𝑎| + 𝐵𝐵 = 𝑘𝑘0





−𝑘𝑘0𝐿𝐿𝐿𝐿 𝑏𝑏 − 𝑘𝑘1𝐿𝐿𝐿𝐿 𝑎𝑎
𝐿𝐿𝐿𝐿| 𝑎𝑎𝑏𝑏 |






































= 0 𝜙𝜙 𝑟𝑟 = 𝐴𝐴𝐿𝐿𝐿𝐿 𝑟𝑟 + 𝐵𝐵
𝜓𝜓 𝑟𝑟 = 𝐴𝐴𝜃𝜃








= 0 𝜙𝜙 𝑟𝑟 = 𝐴𝐴𝐿𝐿𝐿𝐿 𝑟𝑟 + 𝐵𝐵Ω 𝑟𝑟 = 𝐴𝐴𝐴𝐴𝐿𝐿 𝑟𝑟 + 𝐵𝐵 + 𝑖𝑖 𝐴𝐴𝜃𝜃















Does Expanding the Radius Matter?







𝑈𝑈𝜃𝜃𝜃𝜃 = 0, 𝑟𝑟1 < 𝑟𝑟 < 𝑟𝑟0
Boundary Conditions as: 
𝑈𝑈 𝑟𝑟0,𝜃𝜃 = 𝑓𝑓 𝜃𝜃 ,𝑓𝑓 𝜃𝜃 + 2𝜋𝜋 = 𝑓𝑓 𝜃𝜃
𝑈𝑈(𝑟𝑟1,𝜃𝜃) = 𝑔𝑔(𝜃𝜃),𝑔𝑔(𝜃𝜃 + 2𝜋𝜋) = 𝑔𝑔(𝜃𝜃)
and Periodicity as:
𝑈𝑈 𝑟𝑟,𝜃𝜃 + 2𝜋𝜋 = 𝑈𝑈(𝑟𝑟,𝜃𝜃), 𝑟𝑟1 < 𝑟𝑟 < 𝑟𝑟0














Educated guess: 𝑈𝑈 𝑟𝑟,𝜃𝜃 = 𝑅𝑅 𝑟𝑟 𝑇𝑇 𝜃𝜃
𝑇𝑇𝑛𝑛 𝜃𝜃 = 𝑎𝑎𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃 + 𝑏𝑏𝑛𝑛𝑐𝑐𝑖𝑖𝐿𝐿𝜃𝜃
𝑅𝑅𝑛𝑛 𝑟𝑟 = 𝑐𝑐𝑛𝑛𝑟𝑟𝑛𝑛 + 𝑑𝑑𝑛𝑛𝑟𝑟−𝑛𝑛
𝑅𝑅0 𝑟𝑟 = 𝑐𝑐0 + 𝑑𝑑0𝐿𝐿𝐿𝐿 𝑟𝑟
𝑈𝑈0 𝑟𝑟,𝜃𝜃 = 𝑅𝑅0 𝑟𝑟 ,𝑈𝑈𝑛𝑛 𝑟𝑟,𝜃𝜃 = 𝑇𝑇𝑛𝑛 𝜃𝜃 𝑅𝑅𝑛𝑛 𝜃𝜃














Educated guess: 𝑈𝑈 𝑟𝑟,𝜃𝜃 = 𝑅𝑅 𝑟𝑟 𝑇𝑇 𝜃𝜃
𝑇𝑇𝑛𝑛 𝜃𝜃 = 𝑎𝑎𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃 + 𝑏𝑏𝑛𝑛𝑐𝑐𝑖𝑖𝐿𝐿𝜃𝜃
𝑅𝑅𝑛𝑛 𝑟𝑟 = 𝑐𝑐𝑛𝑛𝑟𝑟𝑛𝑛 + 𝑑𝑑𝑛𝑛𝑟𝑟−𝑛𝑛
𝑅𝑅0 𝑟𝑟 = 𝑐𝑐0 + 𝑑𝑑0𝐿𝐿𝐿𝐿 𝑟𝑟
𝑈𝑈0 𝑟𝑟,𝜃𝜃 = 𝑅𝑅0 𝑟𝑟 ,𝑈𝑈𝑛𝑛 𝑟𝑟,𝜃𝜃 = 𝑇𝑇𝑛𝑛 𝜃𝜃 𝑅𝑅𝑛𝑛 𝜃𝜃
𝑈𝑈 𝑟𝑟,𝜃𝜃 = 𝑈𝑈0 𝑟𝑟,𝜃𝜃 + ∑𝑛𝑛=1𝑁𝑁 𝑈𝑈𝑛𝑛(𝑟𝑟,𝜃𝜃)













= 0𝑈𝑈 𝑟𝑟,𝜃𝜃 = 𝑈𝑈0 𝑟𝑟,𝜃𝜃 + ∑𝑛𝑛=1𝑁𝑁 𝑈𝑈𝑛𝑛(𝑟𝑟,𝜃𝜃)















𝐶𝐶𝑛𝑛 cos 𝐿𝐿𝜃𝜃 + 𝐷𝐷𝑛𝑛sin(𝐿𝐿𝜃𝜃)
Partial Differential Equations Method






















2𝜋𝜋 𝑓𝑓 𝜃𝜃 cos 𝜃𝜃 𝑑𝑑𝜃𝜃 , Bn =
1
𝜋𝜋 ∫0













𝑔𝑔 𝜃𝜃 sin 𝜃𝜃 𝑑𝑑𝜃𝜃
Partial Differential Equations Method
𝑈𝑈 𝑟𝑟,𝜃𝜃 = 𝑈𝑈0 𝑟𝑟,𝜃𝜃 + ∑𝑛𝑛=1𝑁𝑁 𝑈𝑈𝑛𝑛(𝑟𝑟,𝜃𝜃)





















Partial Differential Equations Method
𝑈𝑈 𝑟𝑟,𝜃𝜃 = 𝑈𝑈0 𝑟𝑟,𝜃𝜃 + ∑𝑛𝑛=1𝑁𝑁 𝑈𝑈𝑛𝑛(𝑟𝑟,𝜃𝜃)
𝑈𝑈 𝑟𝑟,𝜃𝜃 = 𝑎𝑎0 + 𝛼𝛼0 log 𝑟𝑟 + �
𝑛𝑛=1
𝑁𝑁
(𝑎𝑎𝑛𝑛𝑟𝑟𝑛𝑛 + 𝛼𝛼𝑛𝑛𝑟𝑟−𝑛𝑛) cos 𝐿𝐿𝜃𝜃
+(𝑏𝑏0𝑟𝑟𝑛𝑛 + 𝛽𝛽𝑛𝑛𝑟𝑟−𝑛𝑛) sin(𝐿𝐿𝜃𝜃)







𝑈𝑈𝜃𝜃𝜃𝜃 = 1 < 𝑟𝑟 < 2
Boundary Conditions as: 
𝑈𝑈 2,𝜃𝜃 = 5sin(𝜃𝜃) 𝑓𝑓 𝜃𝜃 + 2𝜋𝜋 = 𝑓𝑓 𝜃𝜃
𝑈𝑈 1,𝜃𝜃 = 3 + 4cos(2𝜃𝜃),𝑔𝑔(𝜃𝜃 + 2𝜋𝜋) = 𝑔𝑔(𝜃𝜃)
and Periodicity as:
𝑈𝑈 𝑟𝑟,𝜃𝜃 + 2𝜋𝜋 = 𝑈𝑈(𝑟𝑟,𝜃𝜃), 1 < 𝑟𝑟 < 2


























Partial Differential Equations Method 
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